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Abstract

The Laguerre, Legendre, and Gegenbauer polynomials are interconnected through various relationships and
transformations. For example, the Legendre polynomials can be expressed as a special case of the Gegenbauer
polynomials. Additionally, there exist connections between these polynomials and other special functions,
such as the Hermite polynomials and the Bessel functions. The applications of these polynomials extend
beyond their individual domains. They are used in solving boundary value problems, approximating functions,
and analyzing physical phenomena. Legendre polynomials are fundamental in the theory of spherical
harmonics, which are essential in describing physical phenomena on the sphere, such as the Earth's magnetic
field and the propagation of electromagnetic waves. They also play a role in numerical analysis and
approximation theory. Laguerre polynomials have been utilized in a wide variety of other contexts, such as
the Blissard problem, the representation of Lucas polynomials of the first and second kinds, the recurrence
relations for a class of Freud-type polynomials, the representation of symmetric functions of a countable set

of numbers, and furthermore, the generalization of the classical algebraic Newton-Girard formulas.
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According to the following theorem, the new generating relation can be derived from the bilateral function

that has been provided.

Theorem 1.1.1 If there exists a generating function of the form

G(r.u,w) = Zn,,u‘”LE:”( NP (),
re=I{) (111)
then
exp(—wz)(1 — wt) "ML+ w)*G (z(1 + w), 2, )
0
l+n),(l+n+a+m), . (aum . .
— Z ““”.n - rg'{ }I{ }JL;” |:,:{-*']'Pr',.” Ir;--f.(“”r.f‘

1P
(!
n.pg=I) P-q

(1.1.2)

Proof: Moving on, let us proceed with the linear partial differential operators that are listed below.

8 i
hl_re; 1,9 4 r——n,r

1.
T Or dy o (1.13)

and

a L0
Ry = (1 +u)tz-+t'= + (1+ 6+ mt. (1.1.4)

So that

Ry[y*=" L) (x)] = (1 +n) L (z)ye Va0, (1.1.5)

and

Ry[t" P ) () =1+n+p+m)P" LA ()¢,

i i

(1.1.6)

Also, we have
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—wre

Y

exp(wh,) f(z,y.z) = exp ( )_,f'(.r' +wzry 2,y +wz, 2),

(1.1.7)

and

T u+ wi t
exp(wha) f(u,t) = (1 — wt) {1+A+m) ¢ ( . ) :
/ 1l —wt 1 —wt
(1.1.8)

Next, we will consider the generating function (1.1.1) and replace the w in it with wtz. After that, we will

multiply both sides by y*, which will result in the following:

e
Y'Gla,uwtz) =y Y a(wtz)" LY () P u).
n=(l (119)

Using the functions exp(wR1) and exp(wR2) on both sides of the equation (1.1.9), we have

exp(wh1) exp(wRs) [y G(z, u, wiz)]

e

= exp(wh,) exp(whs) Z a, L\ (z)y* P2 (u) (wtz)".
n=l\) (1110)

The left-hand side of the equation (1.1.10) can be simplified with the assistance of the equations (1.1.7) and
(1.1.8).

exp (%) (l . ”1” (1454 m:l{ﬂ 4 ”.:}n{: {.i" + wry l:‘ 414 :'Jr: ) lu-l'”:.r) (1111)

As an additional point of interest, the right-hand side of (1.1.10) is simplified with the assistance of (1.1.5)
and (1.1.6).

20

J.--J-.-{1+”:]J [or—p) X J[1_-”'|‘-j!—.l‘.l‘F:|r
Z Ap ! o pl IL.‘I','.II l['rljl.ff ! q‘ !
i, g =l
x PO P) () gtpgnta, (1.1.12)

Due to this, the simplified form of the expression (1.1.10) is
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Y 1—wrt ¥ 1—wt

exp ( I:,'“) {1 - H'f‘} (1 ~.}'In.']|:h, v ”,:}n('; (I 4+ wIy ]:_ u+iwt  witz }
«

l4+n)ll+n+8+m)y . jap (nia. 8
_ E ““”L:rlplq{ }F[ — :IFLI;“;.'[-I-‘}-!“;;-, ,r..J'_I{”}
Prq.

i p,g=I)

= _n+pgntg
xyo T2 (1.1.13)

A bidirectional generating function (1.1.14) for generalized modified Laguerre and Jacobi polynomials is
obtained by finally inserting z/y = 1 in the equation (1.1.13).
exp (—wz)(1 — wt)"THHFM(1 + w)*G(z + wr, 12 ) =

S
1 T Ty 1 +n + :'J + m i [er—1¥) (re+ay. (3) [}
Z “““I“IFIU[ }llli ™| }'IL:'.“”'[ I:'rljjl.rl;'.l : J.[“}ff‘
1, pg=I P (1114)

Finally, the proof of the theorem is finished with this.

Theorem 1.1.2 In the event that there is a bilateral producing relation known as the form

30
Glz,v,w) = Z a,w" P\ (z) L) (v),
n=ll (1115)

then

1+w\" xr + 2w
(1 _-I_?EL) exp (—wwv) G(; i 2:: U+ W, rt‘)
>0

' 1 + ‘ (e, B—p) {x—1q)
= E Iy rt‘” U% -!”J-I;- 1] ! .['I'L}ng.u 1 r,:'l] {EI}'
e pyg=I) (1116)

Proof The variables X, y, and z in the operator R are exchanged for the variables v, s, and t, respectively, at

this point. The operator R1 can be rewritten as follows with the help of this replacement:

Ry =wvs Lfi —|—f£ —vs 't
v s
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So that

I?l (an_uLE:H“,]j — {1 L ”.}LI:” l:llii"]'a‘!?[“ l]f:n}lgl

(n+1) (1.1.17)
Let us begin by defining the R3 operator.
; 14} ) g 0
Ry = 11—y 20— —2(z—1)=— — (1+2)y 2" =
3 (1—a%)y P ( jﬂy (1+x)y s
— (1+a)l+x)y 'z (1.1.18)
Operating R3 on yPz"P®P)  (x), we get
-H3 (Ej I:”f{,:ln"“(.i":l) — _2(1 + ”:II_:Iir;.i)' “Ii.i":lj,l"j l:n t l.
(1.1.19)

Also, we have

exp(wRy) f(z,y,z) =
v\ p(Fyt 2wz yly+2wz) _ yz
y + 2wz ‘Ny+2wz’ y+2wz "y+ 2wz )’ (1.1.20)

and

—wvt
exp(wh;) f(v, s,t) = exp (L)_,ﬁ[r + wvs 't s + wt, t).
s (1.1.21)

Now, we consider (1.1.15) and replacing there w by wtz; and then multiplying both sides by y*s®, we get

20

y s Glr, v, witz) = y's" Z an(wtz)" P\ () L™ (v).
n=0 (1.1.22)

Operating exp(WR1), exp(WR3) on both sides of (1.1.22), we have
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exp(wh; ) exp(wh;) :y s*G(x, v, rt‘f:}]

= exp(wR,) exp(wRy) Z ap(wtz)" Pl () LY (v)y"s”.
n=0 (1.1.23)

With the help of (1.1.17) and (1.1.19) the right hand side of (1.1.23) can be simplified as

= 1+n 3 1 +‘”j; (v, 3—p) (ck—a7)
Z ﬂ””‘”'”'”{ p! ! q! -f{_?}”}r;-}: J-{'r}‘r‘;rlfrl.“}

i pg=_

x ylA—P) gla—a) ;(n+plp(ntg) (1.1.24)

Also, the left hand side of (1.1.23) with the help of (1.1.20) and (1.1.21) is simplified as

1 fet1 ST ) T . -
Y’ (s + wt)* exp {—’:*”’) (” : g”,:) G (—'H” j:,‘__' v+ wos 1, _—#”. f_,”u) (1.1.25)

Therefore, the simplified form of (1.1.23) is

i
[ ot 1 \ f it it " T e T itz
ylatiry (—' ) exp (=) (y + 2wz)~'G (— 5wz U+ wusTE, SE )

2
0
1+m ) 1 + nj, . (v, B—p) ;o\ ¢ le—g) s o
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P {q-

n,pg=I)

(B—n) (o HJLHE|MfUEWH

XY '8
(1.1.26)
Finally substitutings=y =z =t=1in (1.1.26), we arrive at the proof of theorem.

We are able to determine two new classes of generating functions by utilizing the bilateral generating function
for the set of Laguerre and Jacobi polynomials. These new classes are represented by theorem 1.1.1 and
theorem 1.1.2. In the following section, we presented the applications to the newly investigated class of

generating function, which are nothing more than specific examples of the conclusions shown above.

1.1.2 Application
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If we put m = 0, we notice that £ (%)= 1. Hence, from theorem 1.1.1, we deduce that

5
" e ”'."’l:]' + Fi':IJ-J {—p)
(1 +w)* exp (~wz)G(z +wr,w) = Y aww o Lnp (@)
np=0 (1.1.27)

1. If we puta, =1, in (1.1.27), we obtain

0
(1+w)*exp (—wz) L' (z(1 + w)) = Z u""(” N "U) L p"’:'(.r].
)
p=0 : (1.1.28)

According to Das and Chatterjea's publication, this finding is identical to the one they previously got.

2. If we multiply both sides of (1.1.27) by r", we get

(1+w)exp(—wz)G (x + wz, wr)

" "
1+n) - -

_ i+ p{ P owop L=y

= E il TJ‘ ‘Lnl,ﬂ {.1‘ :|

e p=I]

=0 1 1
=Y w" Y au () PLE P (),
P

n=I{) p=()

n=0 (1.1.29)

oulzr) =Y ()L "0)(z).

5=l
It is worth noting that this particular theorem is the first one in the paper written by Majumdar..

Through the application of the theorem 1.1.1, we were able to retrieve the well-known result of Majumdar, in

addition to the results of Das and Chatterjea. This is what we mean when we say that we recovered the results.
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1.2 LEGENDRE AND GEGENBAUER POLYNOMIALS

In order to finish the investigation of the subject, which is provided in the form of this thesis, we will now
talk about the functions that generate Legendre and Gegenbauer polynomials. We make use of the book
written by McBride to find novel generating relations that utilize modified Legendre polynomials. The ideas

that are presented in the book are derived from the book called "Consent with Proofs."”

It is generally accepted that Gegenbauer polynomials are solutions of a type of ordinary differential equations

known as the hypergeometric equations.

A hypergeometric equation is defined as
p(x)G"(x) + t(x)G'(x) + LG(x) = 0, (1),

Depending on the nature of p(x), different cases of (1) are given below:

(i) When p (x) is a constant, equation (1) becomes

G"(x) - 2axG'(x) + AG(x) = 0.

When (=1, the Hermite polynomial is defined as

Hk{r}={—]}k[ {e-f“,ef'], teR, keZ*, Z*=1{0,1,2,3,...,n}.

(i) If p(x) is a second degree polynomial, there are three different cases that can be obtained from
equation (1). They are discussed under the following sub-labels as (a), (b) and (c):

(A) When p(x) has two different roots, equation (1) becomes the Jacobi equation:

(1- 13)(;"(;] +[p-a=(o+p+2)x]G'(x)+1G(x)= 0. @

When ( = ® (2) becomes the Gegenbauer polynomial under consideration.
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1
a=p==x=,
When 27in (2), we have Chebyshev I and 11 polynomials.

When ( = ®=0, Legendre polynomial is obtained.

(B) When p(x) has double roots, equation (1) becomes

¥2G"(x) + [(@+2)x + B]G/(x) + AG(x) = 0. -

Bessel polynomials are the solution of (3) when ( =11 and ®=0

(@) Equation (1) takes the following form when p(x) has complex roots

(1+x)G"(x) + (2Bx + ) G'(x) + AG(x) = 0. "

(4) is generally referred to as Romanovski equation.

1.2.1 General Form of Gegenbauer Polynomial and the Generating Function

A A
Gegenbauer polynomials are generally denoted by Ca x) . Ca 'T)are particular solutions of (2) when ( =

®. Equation (2), when ( = ® also known as Gegenbauer differential equation, is given below:
(1+x2)y"+ (2% = Dxy' + n(n + 21)y = 0.

WA
Ca {I}are sometimes called ultraspherical polynomials [4].

The generating function of the polynomial is given below:

ZC}};(x)r” = (1=2xt+¢*)™ forany & e C.
n=0 (5)

=2 . 2y=h
That is to say, R =(1-2xt +1¢7) as the generating function. This means that

1 1 ;
. 2 o— 1_, = =, JuN
R=(0-2xt+17)2 Again, when 2 Ca {I}becomes the Legendre polynomial which is
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?\._—1 ?l\.__ - ]
. i . ..'.‘J( 2 2] fJ_ — ﬁ — .||Il.. —_ = .
proportional to the ultraspherical polynomial 7 and when 2 the Jacobi
. I}(“Jﬂ . .
polynomial * » becomes ultraspherical polynomial.

Following is the generating function of the polynomial defined in (5):

Ch(x)=(1-2xt +2)",

Co(x) =1,
. 2
ch1y ==,

. : 1
(E[I) = lim; ;¢ x Cj;; (x),

~1)" T'(n + 1)
nl T(n) °

C;I:"um] = {
First few terms of the Gegenbauer polynomial are given below:

Cj(x) =1
Cl(x) = 22x
Ch(x) =20 +1)x? -4

Ch(x) = %L{}. 1) +2)x° — 20 + 1)x
Ch(x) = %:-L{:x., + D+ 2)(A+3)xt =2 + DL+ 2)x% + %;H(:-L +1)

1.2.2 Jacobi Identity on the Terms of Gegenbauer Polynomials

Definition (Lie algebra)
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Let V be a finite dimensional vector space over the field K=(R,C) The vector space V is called a Lie algebra

over D if there is a rule of composition (x+y)—> [X: Y] = XY =YX jn v that satisfies the following

axioms:

(i) [oX +BY, Z]=alX, Z]+p[Y. Z] for all o, B e XK jinearity property):

(ii) [X= }’] - _[F’ X] (antisymmetric property);
(ii) [X, [Y, Z]]+[Y.[Z, X]]+[Z. [X, Y]]=0, VX, Y, Ze V.
The third axiom is called the Jacobi identity.

In this work, we examine the validity of this identity on the first three terms of the Gegenbauer polynomial:

Co(x)=1.
Cl(x) = 20,

Cy(x) =200 + 1)x? — A

Let
X = Cg(x)
Y = G (x)
Z = Ch(x).

The binary operation used here shall be composition of two functions. We define the Lie bracket [X,Y]=XY-

Y X. Using the composition as a binary operation,
[X,Y]=XoecY-YoX

We show that the Jacobi identity holds for the first three terms of the Gegenbauer polynomial under

composition as binary operation:
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[[x. Y] Zz]+[[¥, z] X]+[[z, X] ¥]=0,

[XY - ¥X, Z)+[YX - Z¥, X] + [ZX - XZ, Y] =0,

[(XYZ — YXZ) - (ZXY — ZYX)]+ [(YZX - ZYX) - (XYZ - XZY)]
+[(ZXY - XZY) - (YZX - ¥XZ)] = 0.

Using composition of functions as the binary operation, we have

B=4d+22 -a* -8 + 2
=8t +80° - 22 —4n +1,
C=[(ZeXo¥Y-XoZo¥V)-(YoZoX-YoXoZ)],
ZoXo¥ =(2Mh+1)x? —R)e(1)e(2ax)
=237 + 2,
XoZoV =(1)e(2h(h +1)x7 — 1) (20x)
=1,
YoZoX =(2hx)e (202 +1)x? = 1)< (1)
=42 + 22,
YoXoZ=(2hx)o(1)e (20R + x? = 1)
=2,
C=22+n-1-4-222+ 2
=3 —1- 43,
Therefore, A+ B+ C=0 This implies that

l—dp =22+ +8d +ad s 2 - -8+ +3-1-4 =0,
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Because of this, the Jacobi identity is satisfied on the first three terms of the Gegenbauer polynomial.

According to this approach, any three terms of the Gegenbauer polynomial can be performed.

In mathematics, Gegenbauer polynomials or ultraspherical polynomials Colz) are orthogonal polynomials

Dye—1/2 _
on the interval [—1, 1] with respect to the weight function (L= 277" These polynomials are named

after Leopold Gegenbauer.

The Gegenbauer polynomial Calz) is a generalization of the Legendre polynomial Pn(x) and is defined by

the generating relation
(1—2zt+1%)" =) Cl(a)t"
n=I{

(cf. [52] p.276,(1)). Legendre Polynomials Pn(x) for n =0, 1, 2,... are defined as;

—n.n+ 1:

P,(r)=(—1)"2F}

- ' g (1.2.1)
We see that; these polynomials are particular solutions of Legendre differential equation

g, d° . |
(1— .r'_]{—'!.{ _os n(n+1)y = 0.
dx- dr

One may consult Rainville for more in details about Legendre Polynomials. On the other hand Gegenbauer

polynomials Calz) , which are defined in their generalized form as;

—n.2v + n

L VTR | (1.2.2)
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are particular solutions of the Gegenbauer differential equation

o, . dy .

l—a)——(2v+ 1)r— 4+ n(2v+n)y = (.

(1 —a7) 775 — (2o + L)z +nf )y

The following recurrence relations can be easily verified to show that Legendre and Gegenbauer polynomials
satisfy the conditions presented. Please take note that the subscripts in the following relations are integers that

are not negative.

(1= 2%)DP,(z) = n[P,_(z) — zP,(z)],

(1.2.3)
(1 —2%)DP,(x) = (n+ 1) [zP,(x) — Ppyy(x)], (1.2.4)
(1 —2)DCY(x) = (2v — 1 4+ n)C}_ (x) — nxC}(x) (1.2.5)
and

(1—2*)DCL(z) = —(n+ 1)CL_ 1 (z) + (2v + n)zCy(x), (1.2.6)

d
where D is the differential operator D = dx”

Conclusion

The generating functions for Laguerre, Legendre, and Gegenbauer polynomials provide a powerful tool for
studying these important families of orthogonal polynomials. They offer a compact and elegant representation
of the polynomials and can be used to derive various properties, such as recurrence relations, orthogonality
conditions, and differential equations. By understanding the generating functions for these polynomials, we
can gain deeper insights into their mathematical properties and applications in various fields, including

physics, engineering, and numerical analysis.
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